DSF/51-97 
OUTP-97-75P 



liep-th/9712206 



December 1997 



Noncommutative Geometry and 
Spacetime Gauge Symmetries of String Theory^] 

Fedele Lizzi0 

Dipartimento di Scienze Fisiche, Universitd di Napoli Federico II 
and INFN, Sezione di Napoli, Mostra d'Oltremare Pad. 19, 80125 Napoli, Italy 

Richard J. SzabcQ 

Department of Physics - Theoretical Physics, University of Oxford 
1 Keble Road, Oxford 0X1 3NP, U.K. 



Abstract 

We illustrate the various ways in which the algebraic framework of noncommuta- 
tive geometry naturally captures the short- distance spacetime properties of string 
theory. We describe the noncommutative spacetime constructed from a vertex op- 
erator algebra and show that its algebraic properties bear a striking resemblence 
to some structures appearing in M Theory, such as the noncommutative torus. We 
classify the inner automorphisms of the space and show how they naturally imply 
the conventional duality symmetries of the quantum geometry of spacetime. We 
examine the problem of constructing a universal gauge group which overlies all of 
the dynamical symmetries of the string spacetime. We also describe some aspects of 
toroidal compactifications with a light-like coordinate and show how certain gener- 
alized Kac-Moody symmetries, such as the Monster sporadic group, arise as gauge 
symmetries of the resulting spacetime and of superstring theories. 
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1. Symmetries in Noncommutative Geometry 

The description of spacetime and its symmetries at very short length scales is one of the 
main challenges facing theoretical physics at the end of this millenium. At distances much 
larger than the Planck length, spacetime is described by a differentiable manifold, whose 
symmetries are diffeormophisms which describe the gravitational interactions. Additional 
interactions are described by gauge theories, associated with the symmetries of some 
internal structure living in the spacetime. The most promising candidate for a description 
of spacetime and its symmetries at the quantum level is string theory. Here the Planck 
length appears as the square root of the string tension, and the coordinates of spacetime 
are target space fields, defined on a two-dimensional world-sheet, which describe the 
surface swept out by the string in spacetime. 

In the case of a toroidally compactified target space 

T d s ^/ 27r r, with T a Euclidean 
rational lattice of rank d with inner product g^ U) the string is described by the Fubini- 
Veneziano fieldsQ 

X£(z±) = + igTfi log^ ± + £ \ a ( t )iL z~ ± k , (1.1) 

where the zero-modes x± (the center of mass coordinates of the string) and the (center of 
mass) momenta p^ = -^(p^±d^ u w u ) are canonically conjugate variables. Here {p^} G T* 
(the lattice dual to T) are the spacetime momenta and {u^} G T are winding numbers 
representing the number of times that the string wraps around the cycles of the torus. 
The background matrices d^ u = g^ v ± (3^ are constructed from the spacetime metric g^ u 
and an antisymmetric instanton tensor (3^. The set of momenta {(p^,p^)} along with 
the quadratic form 

(p, ?>A = pJ<T ^ - P^sTqZ = + %^ , (1.2) 

where = ± d^ u v u ), form an even self-dual Lorentzian lattice A = T* © T of 

rank 2d and signature (d, d) called the Narain lattice JI| . The functions ( |1 . 1| ) define chiral 
multi-valued quantum fields. The oscillatory modes aj^ ^ = (a^ M )* in (|1.1|) yield bosonic 
creation and annihilation operators (acting on some vacuum states |0)±) which generate 
the Heisenberg algebra 

= k 5 k+mfi . (1.3) 

The fundamental continuous symmetries of these fields are target space reparametriza- 
tion invariance and conformal invariance of the world-sheet. In addition there are a num- 
ber of quantum symmetries, such as dualities, mirror symmetries, world-sheet parity, etc. 
which we shall discuss in section 4. The interactions of the strings are described by a ver- 
tex operator algebra, which we study in the next section. These interactions are crucial 

1 In this paper we will consider only the simplest non-trivial case of closed strings with world- 
sheet which is an infinite cylinder with local coordinates (r, a) £ Rx S 1 , and we set z± = e _l ( r=tcr ) . 
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for the theory at short distances, where a description based on a cylindrical world-sheet 
breaks down. We want, however, to recover the usual classical spacetime in some low 
energy limit. 

Although string theory is a dramatic generalization of quantum field theory, its tools 
still lie within the realm of traditional differential geometry, which utilizes sets of points, 
differentiable manifolds, and commuting or anticommuting fields. Recently, however, a 
much more radical approach to geometry has been pioneered by Connes and others which 
goes under the name of Noncommutative Geometry |2j . The central idea of Noncommu- 
tative Geometry is that since all separable topological spaces (for example manifolds) are 
completely characterized by the commutative C*-algebra of continuous complex-valued 
functions defined on it, it may be useful to regard this algebra as the algebra generated by 
the coordinates of the space. Conversely, given a commutative C*-algebra, it is possible 
to construct, with purely algebraic methods, a topological space and recover, again with 
purely algebraic methods, all of the topological information about it. One can therefore 
substitute the study of the geometry and topology of a space in terms of the relations 
among sets of points with a purely algebraic description in terms of C*-algebras. The 
terminology noncommutative geometry refers to the possibility of generalizing these con- 
cepts to the case where the algebra is noncommutative. This would be the case of some 
sort of space in which the coordinates do not commute, such as that predicted by the 
recent matrix model realizations of M Theory []3], |J], but this is only one possibility (and 
as we will see a rather reductive one). 

A noncommutative manifold is therefore a space described by a noncommutative C*- 
algebra. Within the algebraic framework of noncommutative geometry, the symmetries 
of spacetime have a natural interpretation at the algebraic level ||. The algebra which 
describes the manifold (or its generalization) is unchanged as a whole under automor- 
phisms, i.e. isomorphisms of the algebra into itself, as they just reshuffle the elements 
without changing the basic algebraic relations. In fact, for a manifold M, the group of 
diffeomorphisms of the space is naturally isomorphic to the group of automorphisms of 
the commutative algebra A = C°°(M) of smooth functions defined on it, 

/(0(x)) = ^(/)(x) , (1.4) 

where 4>(x) is a diffeomorphism of M and cr${f) = f o <p is an (outer) automorphism of A. 

When the algebra A is noncommutative, a new class of automorphisms appears, the 
inner automorphims, which act as conjugation of the elements of the algebra by a unitary 
element u E A, 

<?M = ufu- 1 . (1.5) 

They represent internal fluctuations of the noncommutative geometry corresponding to 
rotations of the elements of A. If, for example, we consider the algebra of smooth functions 
from a manifold M into the space M(N, C) oi N x N complex-valued matrices, then the 
group of inner automorphisms coincides with the group of local gauge transformations of 
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a U (N) gauge theory on M. In general, as is customary in theories with noncommutative 
fields, the algebra of observables is the tensor product of the infinite-dimensional algebra 
of functions on M with a finite-dimensional algebra (typically a matrix algebra). In 
noncommutative geometry this algebra describes a manifold, represented by the infinite- 
dimensional algebra, in which the points have some sort of internal structure, described 
by the finite-dimensional algebra. This is the case in the example of the standard model 
, where the internal structure is described by an algebra whose unimodular group is the 
gauge group SU(3) x SU(2) x U{1). The application of noncommutative geometry to the 
standard model has had some successes, but probably its most promising potential lies in 
considering more complicated structures than just the tensor product of a commutative 
algebra with a matrix algebra. 

We see therefore that in noncommutative geometry diffeomorphisms and gauge trans- 
formations appear on a very similar footing. Both represent transformations of the algebra 
which leave it invariant, the difference being that the latter ones are automorphisms which 
are internally generated by elements of the algebra and appear as transformations of the 
internal space. In the following we will apply this formalism to the spacetime described by 
string theory. We will show how the geometry and topology relevant for general relativity 
must be embedded in a larger noncommutative structure in string theory. 



2. Vertex Operator Algebras 

At very high energies, strings appear as genuine extended objects, so that at small 
distance scales it may not be possible to localize the coordinates of spacetime with definite 
certainty. A long-standing idea in string theory is that, below the minimum distance 
determined by the finite size of the string (usually taken to be the Planck length), the 
classical concepts of spacetime geometry break down. It is therefore natural to assume 
that the spacetime implied by string theory is described by some noncommutative algebra. 
An explicit realization of this idea arises in D-brane field theory |J and M Theory || 
where the noncommutative coordinates of spacetime are encoded in a finite-dimensional 
matrix algebra as described in the previous section. However, there is another approach 
which in essence describes the "space" of interacting strings by employing the vertex 
operator algebra of the underlying two-dimensional conformal quantum field theory M- 



p0| . Vertex operators describe the interactions of strings and act on the string Hilbert 
space as insertions on the world-sheet corresponding to the emission or absorption of string 
states. The idea behind this approach is that, to a large extent, the stringy spacetime is 
determined by its quantum symmetries. 

The complicated algebraic properties of a vertex operator algebra lead to a very com- 
plex noncommutative spacetime. The underlying conformal field theory admits two mutu- 
ally commuting chiral algebras A^ 1 of observables, namely the operator product algebras 
of (anti-)holomorphic fields. Each chiral algebra contains a representation Vir of the 
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infinite-dimensional Virasoro algebra whose generators Lf satisfy the commutation rela- 
tions 

L± L±] = (k- m)L± +m + f 2 (k 3 - k) 5 k+m>0 , (2.1) 

where c is the conformal anomaly. The corresponding symmetry group represents the 
basic conformal invariance of the string theory. For the case of toroidally compactified 
bosonic strings, the vertex operator algebra A = A + ®<c{h} ^ is constructed using the 
operator-state correspondence of local quantum field theory (here C{A} denotes a twisting 
factor from the group algebra of the double cover of A ®z C |H| ) . The Hilbert space on 



which the quantum fields ( |1 . 1| ) act is 

H = L 2 (T d f ®F + , (2.2) 

where L 2 (T d ) r = 0„, Me r L 2 (T d ) is the L 2 space associated with the center of mass modes of 
the strings, whose connected components are labelled by the winding numbers and whose 
basis is denoted \p + ;p~) = e~ ip ^ x> " in each component. are Fock spaces generated by 
the oscillatory modes a^^, and the unique vacuum state of H is |vac) = |0; 0)<g>|0) + (g>|0)_. 
To a typical homogeneous state 

IV>> = \q + ;q-)®n j r^ + a^\0) + ®U k ri k) -ati\0) + (2.3) 
of TC, there corresponds the vertex operator 

V{^z +1 z.) = : tVq+q -(z + ,z.)U J ^y.dZX^ Ylkj^ry.d^X"- ■ (2-4) 
where (q + ,q~), (r + ,r~) G A, if) G Ti* denotes the operator with \ip) = ip\vac), and 

V g+ q-(z + ,z-) = V{e- iq i x +- i ^ x - ®I;z+,z_) = (-1)^ M : e -ntK^+)-^ x -^-) : (2.5) 

are the fundamental tachyon vertex operators. Then the smeared operators V(if); f) = 
J d 2 z V(if); z + , Z-)f(z + , Z-), with / a Schwartz space test function, are well-defined and 
densely-defined on 7i with \if)) = V(^;/)|vac). They realize explicitly the non-locality 
property required of noncommuting spacetime coordinate fields. 

The Hilbert space 7i can be graded by the conformal dimensions A^ which are highest 
weights of the irreducible representations of the Virasoro algebras Vir 1 * 1 . The Virasoro 
operators in the present case are h\ = \ Y,m&l9^v '■ a ™^ a fc-m •> with ckq = g^p^. 
They generate a representation of the Virasoro algebra fl2.1|) of central charge c = d. The 
grading is defined on the subspaces Ti^ q C H of states (|2.3| ) which are highest weight 
vectors, 

= Af\if;) , Lf^) = VA;>0, (2.6) 

where A + = ^g^ u q~^q„ nj and A~ = \g^ u q^q^ +J2k m k- The corresponding operator- 
valued distributions (p.4j) are called primary fields. 

The operators (|2.5| ) generate the tachyon states \q + ;q~) <S> |0)+ ® |0)_ G L 2 (T d ). The 
string oscillations vanish on this subspace of H, and when = (equivalently q + = q~) 
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the operators (|2.5| ) projected onto this subspace coincide with the basis elements e~ iq ^ x 
of the commutative algebra C°°(T ).Q Thus the tachyon vertex operators represent the 
subspace of the full noncommutative string spacetime which corresponds to ordinary 
classical spacetime. This is the noncommutative geometry version of the appearence of 
classical general relativity in a low-energy limit (i.e. at distances much larger than the 
Planck length). In string theory a low-energy regime is one in which the vibrational modes 
of the string are negligible and no string modes wind around the spacetime. In this limit 
strings become effectively point particles which are well-described by ordinary quantum 
field theory. 

The tachyon operators (|2.5| ) can be thought of as sorts of "plane wave" basis fields on 
the space of conformal field configurations. The tachyon states are highest weight states 
of the level 2 «(1)+ © current algebra (|1.3| ), so that the entire Hilbert space can 

be built up from the actions of the a^s for k < on these states. This current algebra 
represents the target space reparametrization symmetry of the string theory. Thus the 
tachyon vertex operators in this sense span the noncommutative vertex operator algebra 
A of the string spacetime. Another important class of vertex operators for us will be the 
graviton operators 

V q ? r (z + ,Z-)= : iV q+q -{z + ,z_)d z+ X»d z _X v _ : . (2.7) 

These operators represent the Fourier modes of the background matrices dt v of the toroidal 
target space, and they create the graviton state q~) ® al^ |0) + <8> a_\ V \fy- of polar- 
ization (fiu). The graviton states represent the lowest-lying states with non-trivial string 
oscillations, and as such they generate the smallest stringy excitations of the commutative 
spacetime determined by the tachyon sector of A. 

The algebraic relations of A which characterize the noncommutativity of the chiral 
algebras can be combined into a single relation known as the Jacobi identity of the vertex 



operator algebra It can be regarded as a combination of the classical Jacobi 

identity for Lie algebras and the Cauchy residue formula for meromorphic functions. 
The operator product algebra can be encoded through the algebraic relations among the 



tachyon operators [|10| , for which we find the clock algebra 

V q+q -{z + ,Z-)V r+r -{w+,wJ) = e""^ A V r+r -{w + ,w_)V q+q -{z + ,z^) (2.1 



for ± arg z± > ± arg w± . The algebra ( |2.8|) is a generalization of one of the original 
examples of a noncommutative geometry, the noncommutative torus 0, §, [12]]. For d = 2 
this algebra describes the quotient of the 2-torus T 2 by the orbit of a free particle whose 
velocity vector forms an angle 9 with respect to the cycles of T 2 . When 9 is irrational the 
motion is ergodic and dense in the torus, and the resulting quotient is not a topological 
space in the usual sense. An equivalent way to visualize this is to consider the rotations 
of a circle. It is then possible to describe the space by the algebra of functions on a 

2 See H |l(]] for a precise definition of this projection. 
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circle together with the action of these rotations. Such an algebra Aq is generated by two 
elements U and V which obey 

UV = e-™ 6 VU . (2.9) 

This algebra has also appeared in the recent matrix model descriptions of M Theory ]|, § 
and in the noncommutative geometry of four-dimensional gauge theories When 
9 = 2K/N, with K and N relatively prime positive integers, the generators U and V 
can be represented by N x N matrices. Then the quotient Aq/Xq by the ideal X e of Aq 
generated by its center is isomorphic, as a C*-algebra, to the full matrix algebra M(N, C). 
When 9 is irrational the algebra Ag is infinite-dimensional. 

The clock algebra ( |2.8|) (or rather its smeared version) thus resembles the algebra 
A{q y of the noncommutative ci-torus. However, because the vertex operator algebra A 
is determined from the quantum field algebra of the conformal field theory, it really repre- 
sents some large, infinite-dimensional generalization of this structure. It can be regarded 
as an augmentation, in an appropriate limiting procedure A ~ M(oo,C), of the matrix 
algebras which describe the symmetry group of the 11-dimensional supermembrane and 
the low-energy dynamics of M Theory determined by the large- N limit of a supersym- 
metric matrix model ||]. The matrix model for M Theory can be viewed as a particular 
truncation of a set of vertex operators to finite-dimensional N x N matrices such that 
the large- N limit recovers aspects of the full non-perturbative dynamics. For d = 2, this 
limiting regime should be taken as a double scaling limit K, N — > oo with 9 = 2K/N 
approaching an irrational number. In M Theory there are several conjectures about what 
the appropriate large- N limit should be @, |l4jl , and from the above point of view such 
limiting regimes should result in a vertex operator algebra structure. It is in this way that 
the vertex operator algebra represents the noncommutative coordinates of string theory. 
Furthermore, this construction demonstrates the unity between gauge theories and string 
theories, an important ingredient of the unified framework of M Theory. It is also pos- 
sible to prove that Ag = Aye = Ae+i [0. When translated into the language of the 
vertex operator algebra, this implies certain duality symmetries of the noncommutative 



spacetime P, 10, 13 



3. Automorphisms of Vertex Operator Algebras 

An automorphism of the vertex operator algebra A is a unitary isomorphism a : 7i — > 
TC of vector spaces which preserves the operator-state correspondence, 

aV^-z^z^a- 1 = V(*ty);z + ,z-) . (3.1) 

In other words, the mapping — > V(ip; z + , z_) on TC — > A is equivariant with respect 
to the (adjoint) actions of a on Ti. and A. The group of automorphisms ( |3.1| ) is denoted 
Aut(.4). The grading of H, with respect to conformal dimension yields a decomposition 
of A = A + <S>c{A} A~ into the eigenspaces of the Virasoro operators Lq according to 
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A ± = A ±^a±- The 

weight zero subspace of TC is one-dimensional and is spanned by 
the vacuum |vac). The subgroup of Aut(.4.) consisting of automorphisms that preserve 
this grading, i.e. ctAac^ 1 = Aa, is denoted Aut^(.4.). The normal subgroup of Aut(*4) 
consisting of inner automorphisms is denoted Inn (A), while the remaining outer automor- 
phisms are Out(^4) = Aut(A) /lnn(A) . The automorphism group is then the semi-direct 
product 

Aut(.A) = Inn(*4) s> Out(^) (3.2) 
of Inn (A) by the natural action of Out (A.). 

The classification of the full automorphism group ( ^.2| ) is a difficult problem in the 
general case. However, the structure of Aut^°\A) can be determined to some extent. This 
group of automorphisms is represented as a group of unitary transformations on each of the 
homogeneous spaces Ha- Consider the chiral algebras A ± built on the compactification 
lattice T with vertex operators V(ip±; z±), where ip± G (7^)*. Let ip n be the component 
operators of the meromorphic function V{ip; z±) = J2neZ ipnZ± n ~ 1 . The condition ( |3.1| ) on 
A^ is then equivalent to oi\) n o~ l = (<j(ip)) n Vn G Z. The automorphisms of A ± which 
preserve their gradings are those which leave invariant the conformal vectors u defined 
by the stress-energy tensors T ± (z±) = J2keZ L^z^ k ~ 2 = V(lu ± ; z±) of the underlying 
conformal field theory. The operators to are given explicitly by 

o; ± = \ I ® g, u (e»Ue») p a^ X a^ p , (3.3) 

where {e M } is an arbitrary basis of the lattice T, and they have conformal weight 2. The 
operations 

[[-0, <p]] = Vw , ((tp, <p)) = i/>i<p (3.4) 
define, respectively, a Lie bracket and an invariant bilinear form on the space 

£± = (Hfy/(Hfy n L^iHtT (3.5) 

of primary states of weight one. Then the unitary group expi£p yields a Lie group 
of automorphisms acting on the chiral algebra A by the adjoint representation?] and 
preserving its conformal grading. These define the continuous automorphisms of the 
vertex operator algebra, so that the inner automorphism subgroup of Aut^.^) is 

Inn^^) = Ad^± expi£± . (3.6) 

Explicitly, £p is generated by the operators e q ± = (— l)^w M e -^a;± (the generators 
of the twisted group algebra C{T} of T), where q ± G T 2 = {q G T \ q^g^ u q u = 2}, and 
r^a^^, where G T. As a subspace of the noncommutative spacetime, the algebra 
(|3.5|) therefore contains the lowest-lying non-trivial oscillatory modes of the strings (i.e. 

3 The *-conjugation on the vertex operator algebra is defined by V*(ip;z±) = 
Yl,n^L^ ) *n z ± l ~ X = V(e z±Ll {—z 2 z ) L otfj;zg 1 ). With this definition we have, in particular, that 

(LtT = L± n - 
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the graviton operators ( |2.7|) ), and thus the smallest quantum perturbation of classical 
spacetime. With the Lie bracket in (|3.4|) its commutation relations are 



(±)M {±)v 



[[s q ±,e r ±\] 








a 



1 > £g± 



-1 

-2 



<T, ((ail 



(±)M 



(3.7) 



0, and 



Using the bilinear form in ( |3.4| ) we have ((a^^, 
((e q ±,e r ±)) = if q^g^r^ > —1, 1 if q^g^r^ = —2. This determines a root space 
decomposition of £p such that its root lattice is precisely T and its set of roots is T 2 . 
Furthermore, we can use this bilinear form and the operator-state correspondence to 
construct a level 1 representation of the corresponding affinization £p, appropriate to the 
action of (3J3) on the quantum fields of the string theory. One finds for the usual modes 
that (a^i^) n = and (e q ±) n can be determined from the tachyon vertex operators 



01, so that 



mg^5 m+nfi 


r-ir 



(afi^m, (e q ±), 



tq^rt > 



q u {aLi ) m+n 



m+n,0 



%9 



-1 
-2 



(3.* 



With the Lie bracket defined in ( |3.4| ), the action of the affine Lie algebra £p on 
can be represented by the actions of the corresponding vertex operators in the ordinary 
commutator bracket. 

The Kac-Moody algebras £p always contain the affine w(l)± gauge groups generated 
by the chiral Heisenberg fields 



«±0±) = -id z± X£(z±) = 



a^" z ± k - x = -iV(I ag?"; z±) (3.9) 



which are the conserved currents associated with the target space reparametrization sym- 
metry. The full algebraic structure of is, however, strongly dependent on the particu- 
lar compactification lattice V . For instance, when V = (2Z) d , for which T 2 = 0, we have 
£%T) d = u (l)±> w hile for T = Z d (corresponding to a complete factorization of the d-torus 
as T d = (S 1 ) 11 ), we find Ct = su{2) d ± . 



From ( |3.3| ) it is also possible to immediately identify the outer automorphism subgroup 
of Aut'°'(.A±) as the (discrete) isometry group of the lattice T, 



Out (0) (At) = Aut(r) = 0(d; Z) 



(3.10) 



which represents the symmetries of the Dynkin diagram of £p. However, a complete 
classification of the full automorphism group, including the transformations which do not 
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preserve ( |3.3|) , is not as straightforward. For instance, the inner automorphism of A 
determined by the unitary element 

a q ± = exp [2ie q± ® 1/(2 - q^qf)} (3.11) 

for q ± E T — T 2 maps (|3.3j ) to the conformal vector uj^ ± = a q ±u ± a~± = OJ^ + L ± l {e q ±®I) of 
conformal dimension \q^g^ 1 'q„+l. Thus the full group of inner automorphisms in this case 
is quite large. The classification of the automorphism group for the full vertex operator 
algebra A = A + ®c{A}A~ is further complicated by the existence of transformations which 
do not factorize into chiral components and can mix between the two chiral algebras. 

4. Quantum Geometry and Gauge Symmetries of String Theory 

We shall now apply the formalism developed thus far to a systematic investigation 
of the symmetries of the noncommutative string spacetime, represented by the *-algebra 
A = A + ©c{a} As discussed in section 1, the inner automorphisms of an algebra in 
Noncommutative Geometry represent gauge tranformations. In simple cases (such as the 
standard model), the distinction between outer and inner automorphisms is, respectively, 
of diffeomorphisms of the spacetime and internal gauge symmetries. In the case at hand, 
however, the situation is far from being so simple, as the entire algebra is noncommutative 
and a manifold only emerges in a low energy limit. 

The quantum geometry of T d is determined by classifying its duality symmetries. The 
basic observation is that the entire algebraic structure of the vertex operator algebra is 
unchanged on the whole by redefining the Heisenberg fields ( |3.9| ) as a±(z±) — > ±a±(z±). 
This transformation can be achieved via an automorphism of A in several ways. Such 
automorphisms define the duality transformations of the string theory and represent sym- 
metries of the classical spacetime T d when viewed as a (low-energy) subspace of the 
full noncommutative spacetime. The simplest example is the T-duality transformation 
d ± — > (d which corresponds essentially to an inversion of the spacetime metric 
and interchanges momentum and winding modes in the spectrum of the quantum string 
theory. It implies that, as subspaces of the noncommutative spacetime, the torus T d 
is equivalent to its dual (T d )* = M d /2irT*. From the point of view of classical general 
relativity there is no reason for these two spacetimes to describe the same physics, and 
the noncommutative geometry naturally describes the stringy modification of classical 
spacetime geometry. 

The augmentation of the generic © w(l)l gauge symmetry of the string theory 

to £a = £p © £p is known as an 'enhanced gauge symmetry'. For the full vertex 
operator algebra A, it is due to the appearence of extra dimension (A + , A - ) = (1, 0) and 
(0, 1) operators in the theory (namely the appropriate tachyon fields). Such operators 
can be used to perturb the underlying conformal field theory to an isomorphic one with 
different target space properties. It turns out that to describe the full duality group of 
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toroidally compactified string theory, it suffices to examine the Lie algebra associated with 
the unique fixed point (d^) 2 = I of the T-duality transformation, i.e. g^ v = 5^,(3^ = 
0, or equivalently T = Z d . As mentioned in the previous section, at this fixed point 
the generic U(l) d + x U(l) d __ gauge symmetry is enhanced to a level 1 representation of 

the affine Lie group SU(2) + x SU(2)_. To describe this structure explicitly, let k^', 
% = 1, . . . , d, be a suitable basis of (constant) Killing forms on T d . Then the chiral 
vertex operators J^ l \z v ) =: e ±tk f x v( z n) :? J^ l \z v ) = ik^a^(z v ), with rj = ±, generate 
a level 1 su(2)+ © su(2)l Kac-Moody algebra as described before. Associated with this 
gauge symmetry of the theory are the corresponding gauge group elements a = e lG . The 
generators Q that implement spacetime duality transformations of the string theory were 
originally constructed in [15| and are given as follows, 

G M (Z + ,Z_) = f. : e iV2k < i ! l) X^(z + ,z^) _ e ~iV2k^X^(z+,z-) . ( 4 _-Q 

g^\z + ,z^) = f. : e iX ^-e- lX ^ : (4.2) 

Gx{z+,z-) = X^X) {z + a^(z+) - z^(z^)) (4.3) 

Gt(z+,z-) = MX) (Z+OMZ+) + z.a£{z-)) (4.4) 

where X = ^(X + + X_). 

The operator ( |4.1| ) generates the fi th factorized duality map of the spacetime. For each 
H = 1, . . . , d it is a generalization of the R — > 1/R circle duality in the X^ direction (of 
radius R) of T d . When d is even, it corresponds to mirror symmetry which interchanges the 
complex and Kahler structures of the target space and leads to the stringy phenomenon of 
spacetime topology change. The inner automorphism generated by +Q_ corresponds 
to the reflection X M — > — X M of the coordinates of T d . Thus factorized dualities and 
spacetime reflections are enhanced gauge symmetries, and hence intrinsic properties, of 
the noncommutative spacetime. The remaining two duality transformations are abelian 
gauge symmetries. The operator ([4.3|) generates local gauge transformations (3 — > (3 + d\ 
of the instanton two-form. Taking A M (X) = C^X", with C^ u a constant antisymmetric 
matrix, gives the shift (3^ — > (3^+C^y. Singlevaluedness of the corresponding gauge group 
element a requires G Z yielding a large gauge transformation. Finally, the operator 
(|4.4|) generates a general spacetime coordinate transformation X — > ^(X). Again for the 
large diffeomorphisms ^ M (X) = T tliV X v of T d , singlevaluedness requires [T^ u ] e SL(d,Z). 
In particular, setting = ~sgn(P)gp(u) jU yields a permutation P G Sd of the coordinates 
of T d . Combining these with the factorized duality transformations yields T-duality in 
the form of an inner automorphism. As such, T-duality corresponds to the global gauge 
transformation in the Weyl subgroup Z 2 of SU(2). It can be shown that these discrete 
vertex operator inner automorphisms, corresponding to large gauge transformations of 
the internal string spacetime, generate the infinite discrete duality group 0(d, d; Z) which 
is the isometry group of the Narain lattice A. Explicit expressions for the actions of these 
operators on TC and A can be found in [I(J . We see therefore that, by viewing string theory 
as a noncommutative geometry, target space duality transformations, as well as generic 
diffeomorphisms, all appear naturally as elements of the group of gauge transformations. 
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It is also possible to write down the full outer automorphism group, representing the 
diffeomorphisms (i.e. the gravitational symmetries) of the noncommutative spacetime, as 



Out (.4) = 0(d, d; Z) s> 0(2) . (4.5) 

The 0(2) part of ( [4.5|) is a worldsheet symmetry group that acts by rotating the two 
chiral sectors into each other. It arises from the spin structure of the string worldsheet 
which yields a representation of spin(2) on the Hilbert space TC that implements the group 
5*0(2). In particular, its Z 2 subgroup generates the worldsheet parity transformation that 
interchanges the left and right chiral algebras, A + ®A~ — > A~®A + . However, as discussed 
earlier, it is not known what the general form of the inner automorphism group is. It is 
an open problem to determine what symmetries are represented by inner automorphisms 



such as (|3.11| ) which correspond to deformations of the underlying conformal field theory 
to an inequivalent two-dimensional quantum field theory. 

All of these duality transformations are exact symmetries of the full noncommutative 
spacetime described by the entire vertex operator algebra. The algebra C°°(T d ) which 
describes the toroidal spacetime is contained in the (smeared) vertex operator algebra 
as a subalgebra. The generators ( |4.1| )-( |4T3| ) act trivially on the low-energy sector, i.e. 
elS \c°°(T d ) = I? as expected since the symmetries represented by the inner automorphisms 
( |3.6| ) live in the quantum perturbation of classical spacetime represented by the graviton 
operators (2/7 ). The main feature is that the orthogonal projection A — > C°°(T d ) does 



not commute with the duality maps, and therefore these symmetries change the geometry 
and topology of the classical spacetime. Thus although duality is a gauge symmetry of the 
full noncommutative geometry, the low energy sectors look dramatically different. Similar 
statements also apply to the outer automorphisms ( f4.5| ) acting on C°°(T d ). 

As for the inner automorphisms generated by (|4.4j ), when projected onto the subal- 
gebra C°°(T d ) C A they represent the generators of DiS(T d ) in terms of the canonically 
conjugate center of mass variables x^,p^. Thus the full group of inner automorphisms 
of A, representing internal gauge symmetries of the string spacetime, projects onto the 
group of outer automorphisms of C°°(T d ), representing the diffeomorphisms of the target 
space. In this respect general covariance is represented as a gauge symmetry in the stringy 
modification of general relativity, in that its transformations are generated by a unitary 
group acting on a noncommutative geometry. This gives a remarkable interpretation of 
the usual classical symmetries in quantum geometry, a dramatic example of which is that 
gravity becomes a gauge theory. 



5. Universal Gauge Symmetry 

We have seen that Noncommutative Geometry gives a unifying description of space- 
times that appear to be distinct at low energies, as well as of gauge transformations and 
diffeomorphisms. It is natural then to envisage some sort of universal gauge symmetry 
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which encompasses all of these features. The investigation of such a universal symmetry 



has been previously attempted in [16]. There the Universal Gauge Group is defined as 
an ideal in the algebra of bounded operators acting on a Hilbert spacej], which contains 
all groups of gauge tranformations as subgroups. These ideals are related to the Schatten 
ideals which play a central role in the description of infinitesimals in noncommutative 
geometry M , and this construction can be carried out using the notion of a cycle in non- 
commutative geometry. This group is easier to deal with than the inductive large- N limit 
U(oo) of the unitary groups U(N), which also contains all compact gauge groups as sub- 
groups (via appropriate unitary representations). Two Yang-Mills theories with different 
structure groups can have vastly different physical properties, so that this notion of a 
universal gauge theory overlies many different physical theories. In the present context 
we can make a construction similar in spirit to this. 

We recall the dependence of the symmetry group ( |3.6| ) on the choice of compactification 
lattice T. Since nature cannot distinguish between different compactifications (as this part 
of the full string spacetime is unobservable in the physical spacetime in which we live), 
we seek a symmetry algebra which overlies every Lie algebra C\. This would ultimately 
lead to a unified framework for studying all of the dynamical symmetries of string theory. 
For this, we consider the unique 2c/-dimensional even self-dual Lorentzian lattice Il^d, 
and we analytically continue in the spacetime momenta to allow for both purely real 
and purely imaginary momenta by extending it to a module over the Gaussian integers, 
_/V( G ) = i7 dd ®i This extension will ensure that the roots of the appropriate Lie 

algebra lie inside the light-cone of the Lorentzian lattice A^ G \ Now we carry out the 
constructions of sections 2 and 3 with the arbitrary lattice A = T* © T replaced by A^ G \ 
Then the corresponding Lie algebra of dimension 1 primary states 

Cu = (nf } r/ U fc >i (M G) )* n (L± k ® Lz k ) (w< G >r (5.i) 

generates a universal gauge symmetry group, in the sense that for any compactification 



lattice T there is a natural Lie subalgebra embedding Cj^ Cjj [18]. In this way, non- 



commutative geometry yields a natural geometrical interpretation to the universal gauge 



group corresponding to (|5.1|). This construction, as well as those of JT6|, |TT|| , is based on 
the representation of gauge tranformations as operators on an infinite-dimensional Hilbert 
space. 



The universal gauge symmetry algebra ( |5.1|) (as well as that of [171) is a generalization 
of the Lie algebra of vector fields on the circle to noncommutative geometry. These 
structures are all related to the symmetries of the noncommutative 2-torus with rational 
deformation parameter 9, which in turn is the underlying noncommutative geometrical 
structure of M Theory. The Lie group U (N) is just the unitary group of the C*-algebra 
M(N,C). Thus, given the relation between the vertex operator algebra and the large- N 
limit of this noncommutative torus, the symmetry group Aut(^4) and the corresponding 

4 An extension to large- A matrix models for open strings has also been recently given in [ff 
involving some more familiar algebras such as gl(oo,C) and the Cuntz algebra. 
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universal gauge group should be related in some way to those of the infinite-dimensional 
C*-algebra M(oo,C). Thus the universal gauge symmetries described here could help in 
understanding the underlying dynamical symmetries of M Theory. 

Another feature which arises in this context concerns the meaning of the gauge sym- 
metries in Inn(*4) — Inn*- -* (^4) . Such transformations represent higher-order quantum per- 
turbations of classical spacetime and can dramatically alter the underlying world-sheet 
theory. The symmetry group Aut(*4.) then overlies a rather large set of two-dimensional 
quantum field theories which can be physically quite different. But from the point of 
view of noncommutative geometry, these theories are all embedded into the same uni- 
versal structure and are just different corners of some big model whose symmetry group 
is Aut(^4). The different corners are related to one another by gauge transformations, 
yielding duality maps between inequivalent physical theories. This is the earmark of M 
Theory, which overlies the five consistent superstring theories in ten dimensions by re- 
lating them to each other via duality isomorphisms. In this sense, the noncommutative 
geometry of string spacetimes is naturally suited to the unifying framework of M Theory. 
The focal point of the ease in which these interpretations arise is at the very heart of the 
techniques of noncommutative geometry. 



6. Time-like Compactifications and Generalized Kac-Moody 
Symmetries 

The structures we have described thus far change rather dramatically when the toroidal 
target space contains a time-like coordinate, i.e. T 1,d ~ x = Sl_ x T rf_1 , generated by a 
compactification lattice T of Minkowski signature. It was shown in |1| that the action 



of the duality group Aut(A) on the background parameters of the spacetime is ergodic 
and dense in this case. This means that the quantum moduli space of time-like toroidal 
compactifications does not exist as a manifold and only makes sense within the framework 
of noncommutative geometry. This was precisely the case of the noncommutative torus 
with irrational deformation parameter 6, the duality action being regarded there as the 
orbit of a free particle in the 2-torus. Noncommutative geometry is therefore an important 
ingredient in the description of the space of time-dependent string backgrounds. 

The structure of the vertex operator algebra also changes when the lattice V is no longer 
Euclidean. For example, consider the unique 26-dimensional even self-dual Lorentzian 
lattice T = ili^s. Then A* = ili^sffi-^i^s is the unique point in the quantum moduli space 
of time-like toroidal compactifications at which the vertex operator algebra A completely 
factorizes between its left and right chiral sectors, 

H{KT = C + ®C~ (6.1) 

where 

C ± = C{77 li25 }® ^(ili^)* (6.2) 
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and we have denoted the explicit dependence of the Heisenberg algebras built on ili^s- 
In essence this factorizes the closed string into two open strings. The distinguished lattice 
A* is an enhanced symmetry point in the moduli space. The corresponding Lie algebra 
£a 4 = B © B is a maximal symmetry algebra, in the sense that it contains all gauge 



symmetry algebras fll8| . It is not, however, universal because the gauge symmetries are 
not necessarily embedded into it as Lie subalgebras. £a„ contains many novel infinite- 
dimensional symmetry algebras, such as algebras of area-preserving and volume-preserving 
diffeomorphisms. The existence of these large symmetries is intimately connected to the 
unusual nature of time in string theory. 

The chiral algebra B obtained from the complete factorization above is given explicitly 

by 

B = Hf(n h25 y/ker((;-)) (6.3) 

where in the present case we have to divide out by the kernel of the bilinear form in ( |3.4|) 
because in Minkowskian signature additional null physical states besides the spurious 



states of {Hi)* n Lt^Ho)* appear. B is called the fake Monster Lie algebra [[11], [TjJ. It 



is not a Kac-Moody algebra because it contains light-like simple Weyl roots. This leads 
to the notion of a Borcherds or generalized Kac-Moody algebra |1^] which resembles an 
ordinary affine Lie algebra in most respects, except for the existence of imaginary (non- 
positive norm) simple roots. The positive norm simple roots of the root lattice IIi^ of 
B lie in the Leech lattice Tl, the unique 24-dimensional even self-dual Euclidean lattice 
with no vectors of length 

The fake Monster Lie algebra is the starting point for the construction of another 



generalized Kac-Moody algebra, the Monster Lie algebra [11 . The Monster module Ai 



is built from the Leech lattice Tl and the order 2 automorphism a of the corresponding 
lattice vertex operator algebra induced by the reflection isometry of IY. M. is the vertex 
operator algebra associated with the (unique) chiral c = 24 a-twisted orbifold conformal 
field theory |TT|. Since i7i j25 = T L © ilii, with i7 lvL the unique two-dimensional even 



self-dual Lorentzian lattice, M. is naturally obtained from B. The most startling aspect 
of M. is that it contains no dimension 1 operators. Its symmetries (which are all discrete) 
are now classified according to the space of dimension 2 primary states. On this space 
there is a binary operation 

ij) -ktp = ipx(p (6.4) 

which turns it into a commutative non-associative algebra. This algebra is the 196884- 
dimensional Griess algebra for which the Monster group F\ is the full automorphism 
group. Fx is the largest finitely-generated simple sporadic group. 

The monster module M. is naturally associated with a twisted heterotic string theory 
PD| . It leads to a rather exotic noncommutative spacetime which possesses only discrete 
outer automorphisms as its (diffeomorphism) symmetries, a subgroup of which is the 
Monster group. This spacetime is "topological" in the sense that it does not contain 
the usual (low-energy) diffeomorphism symmetries. It can also be shown that string 
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compactifications with Monster symmetry are not dense [|T^ . 



It has been recently argued |2T| that various superstring dualities are isomorphic to 
the elementary group structures occuring above in the construction of F\. In particular, 
string-string duality appears to be identical to the reflection isometry of the Leech lattice, 
and an explicit SU{oo) gauge symmetry (the symmetry group of the 11-dimensional super- 
membrane) arises from this formulation whose fundamental quantum degrees of freedom 
can be identified with the elements of the Griess algebra. The emergence of matter-like 
states is thus an example of enhanced gauge symmetry. Thus the Monster sporadic group 
appears to be a hidden symmetry group of superstring theory^. The Monster module has 
also been related recently to D-particle dynamics in type IIA superstring theory [p2 ]. In 



23] the relations between string duality and generalized Kac- Moody algebras are also dis- 
cussed. The space of perturbative BPS string states of toroidally compactified heterotic 
string theories forms a generalized Kac-Moody algebra. The possibility of relating super- 
string theory to properties of exotic algebras, such as the Leech lattice and the Monster 
group, is quite appealing since many of the associated symmetry groups are unique. 

Given these relations and the fact that the fake Monster Lie algebra (|6.3| ) is a maximal 
symmetry algebra of the string theory, it is becoming increasingly evident that Borcherds 
algebras, when interpreted as generalized symmetry algebras of the noncommutative ge- 
ometry, are relevant to the construction of a universal symmetry of string theory. Being 
natural generalizations of affine Lie algebras, they may emerge as new symmetry alge- 
bras for string spacetimes. The appearence of exotic gauge symmetries such as Monster 
symmetry could have significant implications as the role of a dynamical Lie algebra repre- 
senting the unified symmetries of the noncommutative string spacetime. The remarkable 
fact is that the irreducible representations of the algebras described above match exactly 
the Fock space of the bosonic string field theory with the underlying Kac-Moody algebra 
as spectrum-generating algebra for the one-string Hilbert space. Within these dynami- 
cal algebras then one would expect to find all quantum states in a single representation, 
with the underlying Lie algebra determining the maximal symmetry algebra of the string 
spacetime. 
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